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RIGIDITY THEOREMS FOR LAGRANGIAN SUBMANIFOLDS
OF Cn AND CPn WITH CONFORMAL MASLOV FORM
Xiaoli Chao and Yuxin Dong*
Abstract. In this paper, we obtain a rigidity theorem for Lagrangian submanifolds of Cn
and CPn with conformal Maslov form.
1. Introduction
Let (M˜n, J, g) be a Ka¨hler manifold of complex dimension n. The Ka¨hler form ω on
M˜n is given by ω(X, Y ) = g(X, JY ). An immersion ψ :Mn → M˜n of an n-dimensional
manifold M is called Lagrangian if ψ∗ω ≡ 0. Lagrangian submanifolds in a Ka¨hler
manifold or more generally in a symplectic manifold appear naturally in the context of
mathematical physics. Since 1970s, various kind of Lagrangian submanifolds in Ka¨hler
manifolds have also been investigated extensively from Riemannian geometric point of
view (see [1] and the references therein).
From [4], we know that the n-sphere cannot be embedded in Cn as a Lagrangian
submanifold. This result is not true when the Lagrangian sphere is immersed but not
embedded. The simplest immersions of Sn into Cn, known as Whitney spheres [8], are
induced by a map ψ : En+1 → Cn(∼= R2n) defined by
ψ(x0, x1, · · · , xn) =
r
1 + x20
(x1, · · · , xn, x0x1, · · · , x0xn) +A
where r is a positive number and A is a vector in Cn. We will refer to r and A as the radius
and the center of the Whitney sphere respectively. The Whitney spheres have the best
possible behavior either from the viewpoint of topology or the viewpoint of submanifold
geometry. They have a unique self-intersection point ψ(−1, 0, · · · , 0) = ψ(1, 0, · · · , 0).
Their second fundamental form h satisfy
(1) h(X, Y ) =
n
n+ 2
{〈X, Y 〉H + 〈JX,H〉JY + 〈JY,H〉JX}
where X, Y are tangent to ψ and H = 1
n
trace(h) is the mean curvature vector of the
Whitney sphere. This property may be regarded as the Lagrangian version of umbilicity.
In [7], it was proved that the Whitney spheres are the only closed Lagrangian submani-
folds in Cn having this property.
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From [1], we know that there is no Lagrangian immersion of Sn into Cn with parallel
mean curvature vector. However, the Whitney spheres have the property that JH are
conformal vector fields. We may regard a Lagrangian submanifold with this property as
the analogue of hypersurfaces of constant mean curvature. As the dual form of JH is the
Maslov form of the Lagrangian immersion, the Lagrangian submanifolds whose JH are
conformal vector field will be known as Lagrangian submanifolds with conformal Maslov
form (see [7]). In [7], these submanifolds were studied when the ambient space is Cn.
The authors proved in [7] that the Whitney spheres are the only compact Lagrangian
submanifolds of Cn with conformal Maslov form and the null first Betti number. This
result may be regarded as the Lagrangian version of the classical Hopf theorem. When the
ambient spaces are CPn and CHn, the authors in [2], [4] constructed similar Lagrangian
immersions from Sn into these spaces, which were called Whitney spheres too. It turns
out that (1) also characterizes Whitney spheres among closed non-minimal Lagrangian
submanifolds when the ambient spaces are Cn and CPn. In the case of CHn, there are
other two families of examples, besides the Whitney spheres of CHn, that satisfy (1).
In this paper, we first introduce a modified second fundamental form B suggested by
(1). In terms of the square norm of B, we will establish rigidity theorems for Lagrangian
submanifolds of Cn and CPn with conformal Maslov form, and thus characterize the
Whitney spheres (Theorem 3.3) in these spaces.
2. Preliminaries
Let ψ : Mn → M˜n be a Lagrangian immersion of an n-dimensional manifold Mn
into a Ka¨hler manifold M˜n. Let ∇, ∇˜ denote the Levi-Civita connections of M and M˜
respectively. The second fundamental form h of ψ is given by
h(X, Y ) = ∇˜XY −∇XY
for any vector fields X , Y tangent to M . The mean curvature vector H of ψ is defined
by
H =
1
n
trace(h) =
n∑
i=1
h(ei, ei)
where {e1, · · · , en} is an orthonormal tangent frame of M .
We choose a local orthonormal frame field {e1, · · · , en} of M and hence {e1∗ =
Je1, · · · , en∗ = Jen} forms a local normal frame field of M in M˜
n. Let
{ω1, · · · , ωn, ω1
∗
, · · · , ωn
∗
}
denote the dual frame field of {e1, · · · , en e1∗ , · · · , en∗}.
In this paper, we shall make use of the following convention of indices:
1 ≤ A,B,C, · · · ≤ 2n, 1 ≤ i, j, k,m, l · · · ≤ n
The structure equations of M˜ are given by
dωA = −
∑
B
ωAB ∧ ω
B, ωAB + ω
B
A = 0
dωAB = −
∑
C
ωAC ∧ ω
C
B +Ω
A
B , Ω
A
B =
∑
CD
1
2
KABCDω
C ∧ ωD
KABCD +K
A
BDC = 0
2
Restricting these forms to M , we have
ωij + ω
j
i = 0, ω
i
j = ω
i∗
j∗ , ω
i∗
j = ω
j∗
i ,
ωm
∗
i = h
m∗
ij ω
j , hm
∗
ij = h
m∗
ji = h
i∗
mj = h
j∗
im,
dωi = −ωij ∧ ω
j , ωij + ω
j
i = 0
dωij = −ω
i
k ∧ ω
k
j +
1
2
Rijklω
k ∧ ωl, Rijkl +R
i
jlk = 0
Rijkl = K
i
jkl +
∑
m
(hm
∗
jl h
m∗
ik − h
m∗
il h
m∗
jk )
Ri
∗
j∗kl = K
i∗
j∗kl +
∑
m
(hj
∗
lmh
i∗
mk − h
i∗
mlh
j∗
mk)
Define the first covariant derivative of hm
∗
ij by
∑
k
hm
∗
ijkω
k = dhm
∗
ij −
∑
k
hm
∗
kj ω
k
i −
∑
k
hm
∗
ik ω
k
j +
∑
k
hk
∗
ij ω
m∗
k∗
We denote by M˜n(4c) the complex space form of constant holomorphic sectional curva-
ture 4c, i.e., its curvature satisfies
KABCD = c{δACδBD − δADδBC + JACJBD − JADJBC + 2JABJCD}
where
(JAB) =
(
0 −In
In 0
)
It is known that
M˜n(4c) ∼=


Cn, if c = 0
CPn, if c > 0
CHn, if c < 0
For a Lagrangian submanifold M in M˜n(4c), we obtain the Codazzi equation by a
direct computation
hm
∗
ijk = h
m∗
ikj
Notice that JH is a tangent vector field when the submanifold is Lagrangian.
Lemma 2.1. ([7]) JH is a conformal vector field if and only if
∇JH = div(JH/n)I,
which is equivalent to ∑
k
hm
∗
kk,l = −div(JH)δ
m
l
3
Definition 2.2. A Lagrangian submanifold M is said to have conformal Maslov form
if JH is a conformal vector field of M .
In the introduction, we present the Whitney spheres in Cn. From [4], we obtain the
following family of Lagrangian immersions
ψθ : S
n → CPn, θ > 0
given by
ψθ(x1, ..., xn, xn+1) = [(
(x1, ..., xn)
chθ + ishθxn+1
,
shθchθ(1 + x
2
n+1) + ixn+1
ch2θ + sh
2
θx
2
n+1
)]
that are called the Whitney spheres in CPn. There are Whitney immersions of Sn into
CHn too (see [4] for details).
Lemma 2.3. ([1],[4], [7]) Let ψ : M → M˜n(4c) be a Lagrangian immersion of an n-
dimensional manifold M in the complex space form M˜n(4c) with c ≥ 0. Then the second
fundamental form h of ψ satisfies
h(X, Y ) =
n
n+ 2
{〈X, Y 〉H + 〈JX,H〉JY + 〈JY,H〉JX}
for any vectors X and Y tangent to M if and only if either M is a totally geodesic
submanifold or it is an open set of the Whitney Sphere.
Remark 2.1. In the case c < 0, there are other two families of examples, besides Whitney
spheres of CHn, whose second fundamental forms satisfy the property in Lemma 2.3.
3. Rigidity theorems for Lagrangian submanifolds
In this section, we will establish a rigidity theorem for Lagrangian submanifolds in
Cn and CPn with conformal Maslov form.
Let ψ : Mn → M˜n(4c) be a Lagrangian submanifold with conformal Maslov form.
We define
(2) B(X, Y ) = h(X, Y )−
n
n+ 2
{〈X, Y 〉H + 〈JX,H〉JY + 〈JY,H〉JX}
for any tangent vector fields X , Y of M . It is easy to verify that trace(B) = 0. With
respect to the above orthonormal frame field {e1, · · · , en, e1∗ , · · · , en∗} alongM , we have
hm
∗
ij = b
m∗
ij +
n
n+ 2
{Hm
∗
δij + 〈H, Jei〉δjm + 〈H, Jej〉δim}
= bm∗ij +
n
n+ 2
{Hm
∗
δij +H
i∗δjm +H
j∗δim}
= bm
∗
ij + c
m∗
ij
where
cm
∗
ij =
n
n+ 2
{Hm
∗
δij +H
i∗δjm +H
j∗δim}
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By a direct computation, we may get
(3) |B‖2 = ‖h‖2 −
3n2
n+ 2
|H|2
Define the first and the second covariant derivatives of bm
∗
ij as follows:∑
k
bm
∗
ijkω
k = dbm
∗
ij −
∑
k
bm
∗
kj ω
k
i −
∑
k
bm
∗
ik ω
k
j +
∑
k
bk
∗
ij ω
m∗
k∗
∑
l
bm
∗
ijklω
l = dbm
∗
ijk −
∑
l
bm
∗
ljkω
l
i −
∑
l
bm
∗
ilk ω
l
j −
∑
l
bm
∗
ijl ω
l
k +
∑
l
bl
∗
ijkω
m∗
l∗
Lemma 3.1. The tensor field B is a Codazzi tensor field, i.e., bm∗ijk = b
m∗
ikj .
Proof. For any point of M , we may take a local orthonormal frame {ei}
n
i=1 near p such
that (∇ei)p = 0 for i = 1, ..., n, which imply that (∇
⊥e∗i )p = 0 for i = 1, ..., n. By using
Lemma 2.1, we have
bm
∗
ijk = h
m∗
ijk −
n
n+ 2
{Hm
∗
,k δij + 〈H,k, Jei〉〈Jej , e
∗
m〉+ 〈H,k, Jej〉〈Jei, e
∗
m〉}
= hm
∗
ijk −
n
n+ 2
{Hm
∗
,k δij +H
i∗
,k δjm +H
j∗
,k δim}
= hm
∗
ijk +
div(JH)
n+ 2
{δkmδij + δikδjm + δjkδim}
Therefore bm
∗
ijk = b
m∗
ikj . 
The Laplacian of bm
∗
ij is defined by
(4) △bm
∗
ij =
∑
k
bm
∗
ijkk =
∑
k
bm
∗
ikjk =
∑
k
bm
∗
kijk
By Ricci identities and Lemma 3.1, we obtain
(5)
bm
∗
kijk = b
m∗
kikj +
∑
t
bm
∗
kt R
t
ijk +
∑
t
bm
∗
ti R
t
kjk −
∑
t
bt
∗
kiR
m∗
t∗jk
= bm
∗
kkij +
∑
t
bm
∗
kt R
t
ijk +
∑
t
bm
∗
ti R
t
kjk −
∑
t
bt
∗
kiR
m∗
t∗jk
Now we compute
1
2
△‖B‖2 =
∑
ijkm
(bm
∗
ijk)
2 +
∑
ijm
bm
∗
ij △b
m∗
ij
From (4),(5), we have
∑
ijm
bm
∗
ij △b
m∗
ij =
∑
ijkmt
bm
∗
ij b
m∗
kt R
t
ijk
︸ ︷︷ ︸
(I)
+
∑
ijkmt
bm
∗
ij b
m∗
ti R
t
kjk
︸ ︷︷ ︸
(II)
−
∑
ijkmt
bm
∗
ij b
t∗
kiR
m∗
t∗jk
︸ ︷︷ ︸
(III)
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where
(I) = c
∑
ijkmt
bm
∗
ij b
m∗
kt (δtjδik − δtkδij) +
∑
ijkmtl
bm
∗
ij b
m∗
kt (b
l∗
tjb
l∗
ik − b
l∗
tkb
l∗
ij)
+
∑
ijkmtl
bm
∗
ij b
m∗
kt {b
l∗
tjc
l∗
ik + c
l∗
tjb
l∗
ik + c
l∗
tjc
l∗
ik − b
l∗
tkc
l∗
ij − c
l∗
tkc
l∗
ij}
= c‖B‖2 +
∑
ijkmtl
bm
∗
ij b
m∗
kt (b
l∗
tjb
l∗
ik − b
l∗
tkb
l∗
ij) +
2n
n+ 2
∑
jklmt
bm
∗
jk b
m∗
kt b
l∗
tjH
l∗
+
∑
ijkmtl
bm
∗
ij b
m∗
kt (c
l∗
tjc
l∗
ik − c
l∗
tkc
l∗
ij )
= c‖B‖2 +
n2
(n+ 2)2
‖B‖2|H|2 +
∑
ijkmtl
bm
∗
ij b
m∗
kt (b
l∗
tjb
l∗
ik − b
l∗
tkb
l∗
ij)
+
2n
n+ 2
∑
jklmt
bm
∗
jk b
m∗
kt b
l∗
tjH
l∗ +
2n2
(n+ 2)2
∑
ijkm
bm
∗
ij b
m∗
jk H
i∗Hk
∗
(II) = (n− 1)c‖B‖2 +
∑
ijklmt
bm
∗
ij b
m∗
ti {nb
l∗
tjH
l∗ + ncl
∗
tjH
l∗ − bl
∗
tkb
l∗
kj − b
l∗
tkc
l∗
kj
− cl
∗
tkb
l∗
kj − c
l∗
tkc
l∗
kj}
= (n− 1)c‖B‖2 −
∑
ijklmt
bm
∗
ij b
m∗
ti b
l∗
tkb
l∗
kj +
n2 − 2n
n+ 2
∑
ijlmt
bm
∗
ij b
m∗
ti b
l∗
tjH
l∗
+
n2
n+ 2
{‖B‖2|H|2 + 2
∑
ijmt
bm
∗
ij b
m∗
ti H
j∗Ht
∗
} −
∑
ijklmt
bm
∗
ij b
m∗
ti c
l∗
tkc
l∗
kj
= (n− 1)c‖B‖2 +
n3
(n+ 2)2
‖B‖2|H|2 −
∑
ijkmtl
bm
∗
ij b
m∗
ti b
l∗
tkb
l∗
kj
+
n2 − 2n
n+ 2
∑
ijlmt
bm
∗
ij b
m∗
ti b
l∗
tjH
l∗ +
n2(n− 2)
(n+ 2)2
∑
ijmt
bm
∗
ij b
m∗
ti H
j∗Ht
∗
(III) =
∑
ijklmt
bm
∗
ij b
t∗
ki{b
m∗
lj b
t∗
lk − b
m∗
lk b
t∗
lj + b
m∗
lj c
t∗
lk + c
m∗
lj b
t∗
lk − b
m∗
lk c
t∗
lj − c
m∗
lk b
t∗
lj
+ cm
∗
lj c
t∗
lk − c
m∗
lk c
t∗
lj } − c‖B‖
2
= −c‖B‖2 −
n2
(n+ 2)2
‖B‖2|H|2 +
∑
ijklmt
bm
∗
ij b
t∗
ki(b
m∗
lj b
t∗
lk − b
m∗
lk b
t∗
lj )
−
2n2
(n+ 2)2
∑
ijkm
bm
∗
ij b
m∗
jk H
i∗Hk
∗
−
2n
n+ 2
∑
ijlmt
bm
∗
ij b
m∗
lj b
t∗
liH
t∗
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Set Bm∗ = (b
m∗
ij ). Then we get
1
2
△‖B‖2 =
∑
ijkm
(bm
∗
ijk)
2
+
∑
ijkm
bm
∗
ij b
m∗
ijkk
=
∑
ijkm
(bm
∗
ijk)
2
+ (n+ 1)c‖B‖2 +
n2
(n+ 2)
‖B‖2|H|2
+
∑
ijkmtl
bm
∗
ij b
m∗
kt (b
l∗
tjb
l∗
ik − b
l∗
tkb
l∗
ij)−
∑
ijkmtl
bm
∗
ij b
t∗
ki(b
m∗
lj b
t∗
lk − b
m∗
lk b
t∗
lj )
−
∑
ijkmtl
bm
∗
ij b
m∗
it b
l∗
tkb
l∗
kj + n
∑
ijlmt
bm
∗
ij b
m∗
jl b
t∗
liH
t∗ +
n2
n+ 2
∑
ijkm
bm
∗
ij b
m∗
jk H
i∗Hk
∗
=
∑
ijkm
(bm
∗
ijk)
2
+ (n+ 1)c‖B‖2 +
n2
(n+ 2)
‖B‖2|H|2 +
∑
ij
tr(Bi∗Bj∗ −Bj∗Bi∗)
2
−
∑
ij
(trBi∗Bj∗)
2 +
n2
n+ 2
∑
ijkm
bm
∗
ij b
m∗
jk H
i∗Hk
∗
+ n
∑
ijmt
bm
∗
ij b
m∗
jl b
t∗
liH
t∗
≥
∑
ijkm
(bm
∗
ijk)
2
+ (n+ 1)c‖B‖2 +
n2
(n+ 2)
‖B‖2|H|2 −
∑
i
Si∗ − 2
∑
i6=j
Si∗Sj∗
+ n|H|
∑
i
Si∗λi +
n2
n+ 2
S1∗ |H|
where
Si∗ =
∑
jt
(bi
∗
jt)
2, b1
∗
ij = λiδij , SH =
∑
i
λ2i
Here we assume e1∗//H and SH =
∑
(b1
∗
ij )
2.
For a matrix A = (aij), we denote by N(A) the square norm of A as in [3], i.e.,
N(A) = trace(AtA) =
∑
ij
(aij)
2
Lemma 3.2. ([6]) Let A1, · · · , Ap be symmetric (n × n)-matrices (p ≥ 2). Denote
Sαβ = trace(AαAβ), Sα = Sαα = N(Aα), S =
∑p
i=1 Si. Then
∑
αβ
N(AαAβ − AβAα) +
∑
αβ
S2αβ ≤
3
2
S2
7
From Lemma 3.2, we know
1
2
△‖B‖2 ≥
∑
ijkm
(bm
∗
ijk)
2
+ (n+ 1)c‖B‖2 +
n2
(n+ 2)
‖B‖2|H|2 −
n+ 2
2
∑
i
S2i∗
− 2
∑
i6=j
Si∗Sj∗ +
n
2
∑
i
(λ2i |H|
2 + 2|H|Si∗λi + S
2
i∗)
≥ (n+ 1)c‖B‖2 +
n2
(n+ 2)
‖B‖2|H|2 −
n+ 2
2
(
∑
i
S2i∗ + 2
∑
i6=j
Si∗Sj∗)
+ n
∑
i6=j
Si∗Sj∗ +
n
2
∑
i
(λi|H|+ Si∗)
2
≥ (n+ 1)c‖B‖2 +
n2
(n+ 2)
‖B‖2|H|2 −
3(n+ 2)
4
‖B‖4
Theorem 3.3. Let ψ : M −→ M˜n(4c) (n ≥ 2) be a (non-minimal) Lagrangian immer-
sion of an n-dimensional closed manifold M into the complex space form M˜n(4c) (c ≥ 0)
with conformal Maslov form. If
‖B‖2 ≤
4(n+ 1)c
3(n+ 2)
+
4n2|H|2
3(n+ 2)2
or equivalently,
‖h‖2 ≤
4(n+ 1)c
3(n+ 2)
+
n2(9n+ 22)|H|2
3(n+ 2)2
then ψ(M) is the Whitney sphere.
Proof. Since M is closed, we have
0 =
∫
M
1
2
△‖B‖2 ≥
∫
M
{(n+ 1)c‖B‖2 +
n2
(n+ 2)
‖B‖2|H|2 −
3(n+ 2)
4
‖B‖4}
=
∫
M
‖B‖2{(n+ 1)c+
n2
(n+ 2)
|H|2 −
3(n+ 2)
4
‖B‖2}
By the assumption
‖B‖2 ≤
4(n+ 1)c
3(n+ 2)
+
4n2|H|2
3(n+ 2)2
thus we get B = 0 on M , i.e.,
h(X, Y ) =
n
n+ 2
{g(X, Y )H + g(JX,H)JY + g(JY,H)JX}
for any tangent vector fields X , Y of M . It follows from Lemma 2.3 that ψ(M) is the
Whitney sphere. From (3), we see that the condition for ‖B‖2 is equivalent to
‖h‖2 ≤
4(n+ 1)c
3(n+ 2)
+
n2(9n+ 22)|H|2
3(n+ 2)2
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This complete the proof of the Theorem. 
Remark 3.1. (a) The non-minimality condition is void for the case c = 0 . Obviously (3)
tells us that ([7],[2])
‖h‖2 ≥
3n2|H|2
n+ 2
(b) Let M = S1(r1)×· · ·×S
1(rn) →֒ C
1×· · ·×C1 = Cn be the standard Lagrangian
flat torus in Cn, which has parallel mean curvature vector. By a direct computation, we
know that it has conformal Maslov form and
‖B‖2 =
n2(n− 1)H2
n+ 2
We also have the standard flat Lagrangian torus in M˜n(4c) with c > 0 (see for example
[Ch]), which has parallel mean curvature, and thus has conformal Maslov form. These
examples show that some upper bound for ‖B‖2 is necessary to characterize Whitney
spheres. It would be interesting to get the optimal gap theorem.
Corollary 3.4. Let ψ : M −→ M˜n(4c) (n ≥ 2) be a (non-minimal) Lagrangian immer-
sion of an n-dimensional closed manifold M into complex space form M˜n(4c) (c > 0)
with conformal Maslov form. If
‖B‖2 ≤
4(n+ 1)c
3(n+ 2)
then ψ(M) is the Whitney sphere.
References
[1] B. Y. Chen, Riemannian geometry of Lagrangian submanifolds, Taiwanese J. of Math., 5(2001),
681-723.
[2] B. Y. Chen, Jacobi’s elliptic functions and Lagrangian immersions, Proc. Royal Soc. Edin., 126
(1996), 687-704.
[3] S. S. Chern, M. do Carmo and S. Kobayashi, Minimal submanifolds of a sphere with second
fundamental form of constant length, Functional Analysis and Related Fields ( F. E. Browder
ed.), Springer-Verlag, New York (1970).
[4] I.Castro, C.R.Montealegre and F.Urbano, Closed conformal vector fields and Lagrangian sub-
manifolds in complex space forms, Pacific J. Math., 199 (2001), 269-301.
[5] M. L. Gromov, Psedoholomorphic curves in symplectic manifolds, invent. Math., 82 (1985),
307-347.
[6] A.M.Li and J.M.Li, An intrinsic theorem for minimal submanifolds in a sphere, Archiv der
Math., 58 (1992), 582-594.
[7] A. Ros and F.Urbano, Lagrangian submanifolds of Cn with conformal Maslov form and the
Whitney sphere, J. Math. Soc. Japan , 50 (1998), 203-226.
[8] A. Weinstein, Lectures on symplectic manifolds, Conference board of the Mathematical Scientific,
29(1977).
9
Xiaoli Chao
Department of Mathematics,
Southeast University, Nanjing, 210096,
P. R. China
Email address: xlchao@seu.edu.cn
and
Yuxin Dong
Institute of Mathematics,
Fudan University, Shanghai, 200433,
P. R. China
And
Key Laboratory of Mathematicsfor Nonlinear Sciences (Fudan University),
Ministry Education
Email address: yxdong@fudan.edu.cn
10
